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1. Introduction
In this paper we consider the following elliptic system−△u = Fu(x, u, v), inΩ,
−△v = Fv(x, u, v), inΩ,
u = v = 0, on ∂Ω,
(1.1)
whereΩ ⊂ RN is a bounded domain with smooth boundary, and F : Ω × R2 → R is a C2 function. The elliptic system has
extensive practical backgrounds, for example, it can beused to describe the populations of two competing species [1], and the
multiplicative chemical reaction catalyzed by the catalyst grains under constant or variant temperature, a correspondence of
the stable station of a dynamical system determined by the reaction–diffusion system, see [2]. In recent years, many people
have been devoted to study the existence and multiplicity of solutions for elliptic systems under different assumptions of
growth on the nonlinear term. In [3], Alves and De Figueiredo studied a class of sublinear and superlinear elliptic system
by using the topological method. In [4], Gallouët and Herbin obtained the existence of a solution for a class of elliptic
systems by using the fixed point technique. In [5], Zhang and Zhang studied a class of sublinear elliptic systems by using
the minimization method. In [6], Zhao and Wang studied a class of superlinear elliptic systems by using an abstract linking
theorem. In [7], Zou studied a class of asymptotically linear elliptic systems by using a fountain theorem. Some related results
can be found in [8,9].
In this paper, by using the Morse theory, we consider the existence and multiplicity of solutions for (1.1) under the
condition that F is partially superquadratic at infinity. Themain difficulty is to determine the critical groups of the functional
corresponding to (1.1) at infinity, we will use a method similar as in [10,11] to overcome it.
Let 0 < λ1 < λ2 ≤ λ3 ≤ · · · ≤ λk ≤ · · · be the eigenvalues associated with the eigenfunctions e1, e2, e3, . . . of−△with
Dirichlet boundary condition. We make the following assumptions:
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(H1) F(x, u, v) ∈ C2(Ω × R2,R);
(H2) There exist C > 0 and 1 < p < N+2N−2 such that
|D2F(x, u, v)| ≤ C(1+ |u| + |v|)p−1,
where D2 denote the Hessian of F with respect to u, v;
(H3) |Fu(x, u, v)− λu| = o(|u| + |v|) as |u| + |v| → ∞, where λ < λ1;
(H4) There exists a function G ∈ C2(R), constants 2 < θ < 2NN−2 and r > 0 such that
G′(v)v ≥ θG(v) > 0, |v| ≥ r
and
|Fv(x, u, v)− G′(v)| = O(|u| + |v|), |u| + |v| → ∞;
(H5) F(x, u, v) = µ2 (u2+v2)+G0(x, u, v), where λj < µ < λj+1 for some integer j > 0, |(G0)u(x, u, v)|+|(G0)v(x, u, v)| =
o(|u| + |v|) as |u| + |v| → 0;
(H6) F(x,−u,−v) = F(x, u, v) for a.e. x ∈ Ω and (u, v) ∈ R2.
By (H5), u = v = 0 is a solution of (1.1). The purpose of this paper is to find nontrivial solutions of (1.1). Now we state
the main result of this paper.
Theorem 1.1. Assume that (H1)–(H5) hold, then (1.1) has at least one nontrivial weak solution. Moreover, if (H6) also holds,
then (1.1) has infinitely many pairs of weak solutions.
The paper is organized as follows. In Section 2 we give a simple revisit to Morse theory. The proof of Theorem 1.1 will be
given in Section 3.
2. Preliminaries
Let H be a real Hilbert space and J ∈ C1(H,R) be a functional satisfying the (PS) condition. Denote by Hq(A, B) the q-th
singular relative homology group of the topological pair with coefficients in a field F . Let u be an isolated critical point of J
with J(u) = c. The group
Cq(J, u) := Hq(Jc, Jc \ {u}), q ∈ Z
is called the q-th critical group of J at u, where Jc = {u ∈ H | J(u) ≤ c}. Denote K = {u ∈ H \ J ′(u) = 0}. Assume that K is a
finite set. Take a < inf J(K). The critical groups of J at infinity are defined by
Cq(J,∞) := Hq(H, Ja), q ∈ Z.
The following results can be found in [12].
Lemma 2.1. Suppose J satisfies the (PS) condition. If K = ∅, then Cq(J,∞) ∼= 0, q ∈ Z. If K = {u0}, then Cq(J,∞) ∼=
Cq(J, u0), q ∈ Z.
The Morse index of the critical point u is defined by the dimension of the negative space corresponding to the spectral
decomposing. If the critical point u is nondegenerate, i.e., J ′′(u) has a bounded inverse, we have the following result.
Lemma 2.2. Suppose that J ∈ C2(H,R) and u is a nondegenerate critical point of J with Morse index j, then Cq(J, u) = δq,jF .
Theorem 2.1. Suppose that J ∈ C2(H,R) satisfies the (PS) condition, and K = {u1, . . . , uk}, then
∞
q=0
Mqtq =
∞
q=0
βqtq + (1+ t)Q (t),
where Q (t) is a formal series with nonnegative coefficients, Mq =ki=0 rank Cq(J, uk) andβq = rank Cq(J,∞), q = 0, 1, 2, . . . .
3. Proof of the main result
Let H10 (Ω) be the usual Sobolev space and set E := H10 (Ω)× H10 (Ω). Then E is a Hilbert space with inner product given
by
⟨(u1, v1), (u2, v2)⟩ =

Ω
(∇u1 · ∇u2 +∇v1 · ∇v2)dx, ∀(u1, v1), (u2, v2) ∈ E,
292 Y. Wei et al. / Applied Mathematics Letters 26 (2013) 290–295
and norm given by
∥(u, v)∥2 =

Ω
(|∇u|2 + |∇v|2)dx, ∀(u, v) ∈ E.
Consider the functional J : E → R defined by
J(u, v) = 1
2

Ω
(|∇u|2 + |∇v|2)dx−

Ω
F(x, u, v)dx.
It iswell known that the critical points of J(u, v) correspond to theweak solutions of (1.1), and by (H1) and (H2), J ∈ C2(E,R),
see [13].
For any s ∈ [0, 1], let
Js(u, v) = 12

Ω
(|∇u|2 + |∇v|2)dx− s

Ω
F(x, u, v)dx− (1− s)

Ω

1
2
λu2 + G(v)

dx. (3.1)
Lemma 3.1. Assume that (H1)–(H4) hold, then for all s ∈ [0, 1] we have:
(1) Js satisfies the (PS) condition on E;
(2) There is a constant A such that Js has no critical point (u, v) satisfying Js(u, v) ≤ A.
Proof. (1) Let sn ∈ [0, 1] and {(un, vn)} ⊂ E be a sequence satisfying
Jsn(un, vn) ≤ C, ∥J ′sn(un, vn)∥ = o(∥(un, vn)∥) (3.2)
as n → ∞, where C is a constant independent of n. We will show that {(un, vn)} is bounded and contains a convergent
subsequence.
LetW (x, u, v) = F(x, u, v)− 12λu2 − G(v), then by (H3) and (H4),
Ω
W (x, u, v)dx
 = O(∥(u, v)∥22), 
Ω
Wv(x, u, v)dx
 = O(∥(u, v)∥2), (3.3)
Ω
Wu(x, u, v)dx
 = o(∥(u, v)∥2) (3.4)
as ∥(u, v)∥2 →∞, where ∥(u, v)∥2 is the L2 norm of (u, v), and
G(v)− 1
θ
G′(v)v ≤ C1 (3.5)
for some constant C1.
By (3.2)–(3.5), we have
C + o(∥(un, vn)∥2) ≥ Jsn(un, vn)−
1
θ
⟨J ′sn(un, vn), (un, vn)⟩
=

1
2
− 1
θ

Ω
(|∇un|2 − λu2n)dx+

1
2
− 1
θ

Ω
|∇vn|2dx
+

Ω

1
θ
G′(vn)vn − G(vn)

dx− sn

Ω
W (x, un, vn)dx
+ sn
θ

Ω
(Wu(x, un, vn)un +Wv(x, un, vn)vn)dx
≥

1
2
− 1
θ

1− λ
λ1

∥(un, vn)∥2 − C1 − O(∥(un, vn)∥22),
thus there existM1 > 0 andM2 > 0 such that
∥(un, vn)∥2 ≤ M1 +M2∥(un, vn)∥22. (3.6)
Nowwe show that ∥(un, vn)∥2 is bounded. In fact if ∥(un, vn)∥2 →∞. Set (u˜n, v˜n) = (un,vn)∥(un,vn)∥2 , then by (3.6) there exists
a subsequence of (u˜n, v˜n), still denoted by (u˜n, v˜n), and (u0, v0) ∈ E such that (u˜n, v˜n) converges to (u0, v0)weakly in E and
strongly in L2(Ω)× L2(Ω).
It is obvious that
1
∥(un, vn)∥22
⟨J ′sn(un, vn), (0, vn)⟩ =

Ω
|∇v˜n|2dx− 1∥(un, vn)∥22

Ω
G′(vn)vn − sn∥(un, vn)∥22

Ω
Wv(x, un, vn)vndx,
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and by (3.2) and (3.3),
1
∥(un, vn)∥22

Ω
G′(vn)vn ≤ C2 (3.7)
for some constant C2 > 0.
On the one hand, by (H4)
G′(vn)vn ≥ θG(vn)−M ≥ C(|vn|θ − 1),
combing with (3.7), we have
∥(un, vn)∥θ−22

Ω
|v˜n|θ ≤ C . (3.8)
Since 2 < θ < 2NN−2 ,
∥(un, vn)∥θ−22 →∞,

Ω
|v˜n|θ →

Ω
|v0|θ
as n →∞. Hence from (3.8) we can conclude that
Ω
|v0|θ = 0,
therefore v0 = 0.
On the other hand, for any ϕ ∈ E
1
∥(un, vn)∥2 ⟨J
′
sn(un, vn), (ϕ, 0)⟩ =

Ω
∇u˜n · ∇ϕdx− λ

Ω
u˜n · ϕdx− sn∥(un, vn)∥2

Ω
Wu(x, un, vn)ϕdx,
from (3.2) and (H3), as n →∞we get
Ω
∇u0 · ∇ϕdx− λ

Ω
u0 · ϕdx = 0.
Therefore, u0 satisfies
−△u0 = λu0. (3.9)
Since λ < λ1, then u0 = 0. So (u0, v0) = 0, we get a contradiction with
∥(u0, v0)∥2 = lim
n→∞ ∥(u˜n, v˜n)∥2 = 1.
Therefore, {(un, vn)} is bounded in E. Then the standard argument [13] shows that {(un, vn)} has a convergent subsequence.
In particular, for every fixed s ∈ [0, 1], by taking sn = s, n = 1, 2, . . . , and processing as above, we can prove Js satisfies
the (PS) condition.
(2) Set
K = {(u, v) ∈ E | J ′s(u, v) = 0 and Js(u, v) ≤ 0 for some s ∈ [0, 1]}.
From (1) we know that K is compact. Let
A = min
(u,v)∈K ,s∈[0,1]
Js(u, v)− 1,
then Js(u, v) has no critical point (u, v) satisfying Js(u, v) ≤ A. 
By the proof of Lemma 3.1, we can obtain the following corollary.
Corollary 3.1. There exists a constant δ > 0 such that for all s ∈ [0, 1], a ≤ A and (u, v) with Js(u, v) ≤ a,
∥J ′s(u, v)∥ ≥ δ∥(u, v)∥.
For any s ∈ [0, 1], we can define the critical groups of Js at infinity as
Cq(Js,∞) = Hq(E, Js,a), q = 0, 1, 2, . . . ,
where a ≤ A and Js,a = {(u, v) ∈ E | Js(u, v) ≤ a}.
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Lemma 3.2. Assume that (H1)–(H4) hold, then Cq(Js,∞) is independent of s ∈ [0, 1], particularly
Cq(J,∞) = Cq(J0,∞), q = 0, 1, 2 . . . .
Proof. Consider the following initial value problem of the ordinary differential equation on E:
d
ds
η(s, u, v) = −∂sJs(η(s, u, v)) J
′
s(η(s, u, v))
∥J ′s(η(s, u, v))∥2
, η(0, u, v) = (u, v). (3.10)
We claim that the solution η(s, u, v) of (3.10) exists for s ∈ [0, 1] for any initial value (u, v) ∈ E satisfying J0(u, v) ≤ A.
In fact, since
d
ds
Js(η(s, u, v)) = ∂sJs(η(s, u, v))+ J ′s(η(s, u, v))
d
ds
η(s, u, v) = 0,
we have Js(η(s, u, v)) ≤ A if and only if J0(u, v) ≤ A. By (3.3) and the Sobolev inequality,
|∂sJs(η(s, u, v))| =

Ω
W (x, η(s, u, v))dx
 ≤ C(∥η(s, u, v)∥2 + 1). (3.11)
By (3.10), (3.11) and Corollary 3.1, we have ddsη(s, u, v)
 ≤ C ∥η(s, u, v)∥2 + 1∥J ′s(η(s, u, v))∥ ≤ Cδ (∥η(s, u, v)∥ + 1).
By the Gronwall inequality the solution of (3.10) exists for s ∈ [0, 1] for any initial value (u, v) ∈ E satisfying J0(u, v) ≤ A,
the claim is proved.
Now we can define a map φ : J0,a → J1,a by
φ(u, v) = η(1, u, v),
which is a homeomorphism between J0,a and J1,a for a ≤ A. Hence by the definition of the critical group at infinity and the
homotopy invariance of the homology group, we know that
Cq(J,∞) = Hq(E, J1,a) = Hq(E, J0,a) = Cq(J0,∞), q = 0, 1, 2 . . . . 
Proof of Theorem 1.1. Let
Φ1(u) = 12

Ω
(|∇u|2 − λu2)dx, Φ2(v) = 12

Ω
|∇v|2 −

Ω
G(v)dx,
then J0(u, v) = Φ1(u)+Φ2(v). Similar to the proof of Proposition 4.4 in [10], we can get the following Künneth type formula
Cq(J0,∞) =

i+j=q,i,j≥0
Ci(Φ1,∞)⊗ Cj(Φ2,∞). (3.12)
Since λ < λ1,Φ1(u) is a nondegenerate quadratic form and theMorse index ofΦ1 at zero is 0, therefore Cq(Φ1,∞) = δq,0F .
From (H4), Φ2(v) is a superquadratic functional, then by a similar argument as [12], we can get Φ2(v) satisfies the (PS)
condition and Cq(Φ2,∞) = 0, q = 0, 1, 2 . . . . Therefore, by (3.12) and Lemma 3.2,
Cq(J,∞) = Cq(J0,∞) = 0, q = 0, 1, 2 . . . . (3.13)
On the other hand, by (H5), zero is a nondegenerate critical point of the functional J(u, v)with the Morse index 2j. So by
Lemma 2.2,
Cq(J, 0) = δq,2jF . (3.14)
Hence Cq(J,∞) ≠ Cq(J, 0) for q = 2j. By Lemma 2.1, J has a nontrivial critical point and therefore (1.1) has at least a
nontrivial solution.
Moreover, if (H6) holds, then J(u, v) is an even functional. Clearly, (u, v) is a critical point of J if and only if (−u,−v) is
a critical point of J, (u, v) and (−u,−v) have the same Morse index derived from J ′′(u, v) = J ′′(−u,−v). Suppose J has a
finite number of critical points. By the symmetric Mariano–Prodi perturbation we may assume the critical points of J are all
nondegenerate. Let
K = {(u1, v1), (−u1,−v1), (u2, v2), (−u2,−v2), . . . , (uk, vk), (−uk,−vk)}
be the nontrivial critical set of J . Then by (3.13), (3.14) and Theorem 2.1, we have
t2j + 2
k
i=1
tmi = (1+ t)Q (t), (3.15)
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where mi is the Morse index of (ui, vi) and (−ui,−vi). Substitute t = −1 into (3.15), we get 1 + 2ki=1(−1)mi = 0, note
that the right hand side of this equality is odd, we get a contradiction. Therefore, J has infinitely many pairs of critical points
and (1.1) has infinitely many pairs of weak solutions. 
Acknowledgment
The authors thank the referee for a careful reading of the manuscript and for helpful suggestions.
This work was supported by the NSFC grant (11071098), the National 973 Project of China (2012CB821200), the SRFDP
grant (20060183017), the Program for New Century Excellent Talents in University, the 985 Project of Jilin University, the
Outstanding Young Scientists Project of Jilin University and the Graduate Innovation Fund of Jilin University (20111036).
References
[1] E.N. Dancer, Competing species systems with diffusion and large interaction, Rend. Sem. Mat. Fis. Milano 65 (1995) 23–33.
[2] G.S. Ladde, V. Lakshmikantham, A.S. Vatsale, Existence of coupled quasi-solutions of systems of nonlinear elliptic boundary value problems, Nonlinear
Anal. 8 (1984) 501–515.
[3] C.O. Alves, D.G. De Figueiredo, Nonvariational elliptic systems, Discrete Contin. Dyn. Syst. 8 (2) (2002) 289–302.
[4] T. Gallouët, R. Herbin, Existence of a solution to a coupled elliptic system, Appl. Math. Lett. 7 (2) (1994) 49–55.
[5] J.H. Zhang, Z.T. Zhang, Existence results for some nonlinear elliptic systems, Nonlinear Anal. 71 (2009) 2840–2846.
[6] P.H. Zhao, X.Y. Wang, The existence of positive solution of elliptic system by a linking theorem on product space, Nonlinear Anal. 56 (2004) 227–240.
[7] W.M. Zou, Multiple solutions for asymptotically linear elliptic systems, J. Math. Anal. Appl. 255 (1) (2001) 213–229.
[8] L. Ding, S.W. Xiao, Multiple positive solutions for a critical quasilinear elliptic system, Nonlinear Anal. 72 (2010) 2592–2607.
[9] S.Z. Duan, X. Wu, The existence of solutions for a class of semilinear elliptic systems, Nonlinear Anal. 73 (2010) 2842–2854.
[10] K.C. Chang, M.Y. Jiang, Dirichlet problem with indefinite nonlinearities, Calc. Var. Partial Differential Equations 20 (2004) 257–282.
[11] M.Y. Jiang, Periodic solutions of partially superquadratic second Hamiltonian systems, Nonlinear Anal. TMA 64 (2006) 1946–1961.
[12] K.C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problem, Birkhäuser, Boston, 1993.
[13] P. Rabinowitz, MinimaxMethods in Critical Point Theorywith Applications to Differential Equations, in: CBMS Regional Conf. Ser. Math., vol. 65, Amer.
Math. Soc., Providence, RI, 1986.
